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Weekly Putnam 3 October 2026

PROBLEM

Determine all positive integers n for which there exist n X n matrices A1, Ay, A3, A4, As with
real entries such that

A? =0 forevery i and AjAj+ AjA; =1 foralli #j.

Here I is the n x n identity matrix.

Answer: all multiplesof 8 - Level: A5 - Topic: Linear algebra

Hints

1. For x € R® put A(x) = ¥ x;A;. Show that A(x)? is always a scalar multiple of I, and identify the
quadratic form in x that appears.

2. That form has one positive and four negative directions. Use it to find real combinations D, C, F, G
of the A; that anticommute pairwise, with D?> = [ and C? = F? = G? = —I. Two anticommuting
square roots of —I already force 4 | .

3. The product CFG squares to I, commutes with C and F, and anticommutes with D. Compare the
two eigenspaces of CFG.

The key idea

Linear combinations of the five square-zero matrices obey the same rules as the quadratic
form q(x) = ¥;; x;xj, which has signature (1,4). Diagonalising g turns the problem into one
about anticommuting matrices squaring to £1. Two of them make each invariant space a
quaternionic space, which gives a factor 4; the involution CFG splits R" into two halves of
equal size, each quaternionic, which gives the last factor 2. The fifth matrix costs nothing extra:
an explicit 8 x 8 example carries all five.

Solution
Answer. Exactly the multiples of 8.

Step 1: the quadratic form. For x € R® write A(x) = ¥7_, x;A;and s(x) = x1 + - - - + x5. Expanding
and using the hypotheses,

A(x)Aly) + A(y)A(x) = ;xi%[ = (s(x)s(y) —x-y)L. ey
i#]
In particular A(x)? = q(x)I with q(x) = 3 (s(x)? — |x|?), and A(x) anticommutes with A(y) exactly
when s(x)s(y) = x - y.

Step 2: anticommuting generators. Define

D=Ai+4;, C=A—4y F=A3—A1—4Ay G=F5(244— A1~ 4 — A3).

Their coefficient vectors are (1,1,0,0,0), (1,—1,0,0,0), (-1,—1,1,0,0) and 1,-1,-1,2,0),
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with sums 2, 0, —1, —1/+/3. Formula (1) gives at once

D*=1, C=F=G=-]
and for each of the six pairs one checks s(x)s(y) = x - y (for example, for D, F both sides equal —2;
for F, G both equal 1/ V/3). So D, C, F, G anticommute pairwise.

Lemma (quaternionic spaces). Let W # 0 be a finite-dimensional real vector space and P,Q: W — W
linear maps with P> = Q> = —1 and PQ = —QP. Then 4 | dim W.

Proof. Put R = PQ. Then R? = —1and P, Q, R anticommute pairwise, so for real a, b, c,d
(a4 bP+cQ+dR)(a — bP — cQ — dR) = (a* + b* + > +d?) - 1.
Hence for w # 0 the four vectors w, Pw, Qw, Rw are linearly independent, and
Hw := span{w, Pw, Qw, Rw}

is a 4-dimensional subspace invariant under P and Q. Any nonzero u € Hw satisfies Hu C Hw
and dim Hu = 4, so Hu = Hw: the only invariant subspaces of Hw are 0 and Hw. Now let U be an
invariant subspace and w ¢ U. Then Hw N U is invariant and does not contain w, so it is 0, and
U & Hw is invariant of dimension dim U 4 4. Starting from U = 0 we reach U = W, so dim W is a
multiple of 4. O

Step 3: necessity. Let w = CFG. Each of C, F, G anticommutes with the other two, so moving it
across the product CFG produces two sign changes: w commutes with C, F and G. The matrix D
anticommutes with all three factors, so Dw = —wD. Moreover, since FG commutes with C,

w?* = C(FG)C(FG) = C3(FG)?> = (-I)(—=F*G*) = (-D)(-1) = L.

Thus R" = V; @ V_ with Vi = ker(w FI). If wv = v then w(Dv) = —Dwv = —Dv, so D maps
V, into V_ and V_ into V; as D is invertible (D? = I), dim V; = dim V_ = n/2. In particular 7 is
even and V. # 0. Since C and F commute with w, they map V.. to itself, and on V, they satisfy the
hypotheses of the Lemma. Hence 4 | n/2, that is, 8 | n. (Only four of the five matrices were used.)

Step 4: an example for n = 8. Let

0 1 1 0 0 1
x=(0) 7= 5) = (5 o),

so that X?> = 72 = 1, J> = —1I, and any two of X, Z, ] anticommute. For Kronecker products
Pr®@P,®P0f1,X,Z,], two such products anticommute exactly when the number of positions
holding two different non-identity factors is odd. Define the 8 x 8 matrices

Dy=I0I®X, HF=I0I®], HB=I19]8Z E=]0X®Z L=]QZ®Z

Then D(Z, =1, F,? = —I (each F; has exactly one factor |), and the five matrices anticommute
pairwise (each of the ten pairs differs in exactly one position with two different non-identity factors).
Consequently, for P = aDg + Y_ by F and P! = a’Dy + Y_ b Fy,

PP’—}—P’PzZ(aa’—b-b’)I. (2)
Now set

Av=5(Do+R) (k=1,234), As=J;(2Do+hA+h+F+H)

By (2): A2=3(1-1)[=0and A2 =1(4—4)I =0;fork # 1 <4, ALA + AA=2-3(1-0)I=[;
and AyAs + AsAp =2 3(2—1)I = 1. So n = 8 works.

Step 5: all multiples of 8. If n = 8m, take the block-diagonal matrices diag(A4;, ..., A;) with m
blocks. All relations hold blockwise.

Hence the required n are exactly 8,16,24, .. ..
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Why it is hard, and why it is original

Why the first ideas fail. The two classical moves each give too little. Working with two of the
matrices only yields 2 | n: this is the folklore fact that A> = B> = 0 and AB + BA = I force
even size, since then R" = ker A @ ker B and A maps ker B isomorphically onto ker A. Counting
independent products is the other natural attempt: the sixteen products of subsets of {D,C, F, G}
are linearly independent (their traces vanish), so n> > 16 and n > 4. That bound is not sharp. The
real obstruction is arithmetic over IR: the four generators carry one quaternionic structure and one
extra involution, and that is what produces 8.

The trap in the count. The minimal sizes for 2, 3,4 such matrices are 2,4, 8, so the doubling pattern
suggests 16 for five. It is 8: a fifth matrix fits into the same 8-dimensional space. Over C the answer
would be different (four matrices fit in size 4), so the reality of the entries is essential, and the solver
has to find an explicit real example rather than quote a complex one.

Originality and nearest relatives. The nearest known statement is the textbook exercise that
A% = B2 =0, AB + BA = I forces n even, which is the two-matrix case and needs only Step 3’s
swapping idea. Families of matrices that anticommute and square to =1 are classical (they lie behind
the Hurwitz—Radon theory of sums of squares). This problem differs in its form: the given matrices
are square-zero and all their anticommutators equal I, so the anticommuting structure is hidden
until the quadratic form of Step 1 is diagonalised, and the answer asks for an exact arithmetic
classification rather than a bound.

Verification

The construction of Step 4 was checked in exact integer arithmetic: with B; = V2 A; (integer matrices),
B? = 0 and B;B; + B;B; = 2I for all ten pairs. The generators D, C, F, G of Step 2 were built from these A;
and checked to satisfy D2=1,C2=F=G?=—], pairwise anticommutation, w? =Tand Dw = —wD,
with trw = 0 as the halving predicts. A general real Clifford-type construction in sizes 2, 32 and 512 (for
2,10 and 18 matrices) was also checked, together with the full rank of all 1024 products in size 32. As an
independent check that size 4 fails for five matrices, 40 random-start nonlinear least-squares searches over
4 x 4 real matrices all stalled at a residual bounded well away from zero (best value 1.2), while the explicit
size-8 example is exact.
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